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theory to study properties of the mass gap. 
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1. Introduction 

In a series of recent papers we liave carried out a Hamiltonian analysis of Yang-Mills the- 
ories in (2+1) dimensions, YM2+1 0, A matrix parametrization of the gauge potentials 
An was used which facilitated calculations using manifestly gauge-invariant variables. An 
analytical formula for the string tension was obtained which was found to be in good agree- 
ment with lattice gauge theory simulations @, §]. It was also shown that effectively the gauge 
bosons become massive. This mass can be identified in the context of a (3+l)-dimensional 
gluon plasma as the magnetic mass ||^. The analytically calculated value of this mass is also 
in reasonable agreement with numerical estimates p. 

All the above calculations were done in a Hamiltonian framework. The virtue of this ap- 
proach is that at a given time we have to consider gauge potentials on the two-dimensional 
space and for two-dimensional gauge fields a number of calculations can be done exactly. 
However, as in any Hamiltonian analysis, we do not have manifest Lorentz covariance. 
Overall Lorentz covariance is not lost since the requisite commutation properties on the 
components of the energy-momentum tensor may be verified [|l|]. Now, the main physical 
context in which our results could be applied would be the case of magnetic screening in 
QCD at high temperatures. The Wick-rotated version of YM2+1, namely three-dimensional 
Euclidean Yang-Mills theory, is what is needed to describe the zero Matsubara frequency 
mode of the (3+l)-dimensional QCD at high temperatures. A manifestly covariant formula- 
tion of our analysis would be just what is ideal in relating our results to Feynman diagrams 
in high temperature QCD. There are two sources of lack of manifest covariance in our ap- 
proach, firstly due to the use of the Hamiltonian analysis itself and secondly, because the 
gauge-invariant variables we used were defined intrinsically in a (2+l)-splitting and do not 
have simple (tensorial) transformation properties under Lorentz transformations. Going over 
to a Lagrangian might address the first problem of degrees of freedom being defined at a 
constant time but not the second, unless we have a Lorentz covariant parametrization of 
the gauge potentials which makes it easy to isolate the gauge-invariant degrees of freedom. 
In our approach, calculability, viz., the fact that the transformation of variables could be 
done exactly, including the Jacobian, was the crucial factor, which led to physical results. 
To be useful to a similar degree, one needs a Lorentz covariant parametrization of for 
which the change of variables to the gauge- invariant degrees of freedom can be carried out, 
including the path-integral Jacobian in a nonperturbative way. We have not been able to 
find such a set of variables. The situation is similar to the old problem of rewriting Yang- 
Mills theory in terms of Wilson loop variables and other similar choices of variables; as in 
many earlier attempts, the technical stumbling block has been the calculation of Jacobians 
in nonperturbative terms. 

A more practical alternative strategy would then be the following. First of all, we can 
consider an expansion of our results in powers of the coupling constant. It then becomes 
clear that the mass gap cannot be seen to any finite order in the perturbative expansion 
but could be obtained by resummation of certain series of terms. Such resummations can 
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be carried out in the covariant path-integral approach by adding and subtracting suitable 
(gauge-invariant) mass terms, and indeed, many such calculations have already been done 
using different choices of mass terms 0, H, In these calculations, there is no unique or 
preferred mass term we can use. The natural question is whether our Hamiltonian analysis 
can shed any light on this issue; in other words, are there any mass terms which are similar 
or close to the mass term which arises in the Hamiltonian analysis? 

In this paper we do the following. We study the properties of the mass term which arises 
in our Hamiltonian analysis, identifying certain key features and then seek covariant gauge- 
invariant mass terms which can be used in a Lagrangian resummation procedure and which 
are simple generalizations of what we find in the Hamiltonian analysis. Two such terms are 
considered and analyzed to some extent. 

In the next section, we discuss an "improved" version of perturbation theory starting with 
our Hamiltonian analysis. We first show how the mass term can be manifestly displayed to 
the lowest order in our gauge-invariant variables. Then building upon this lowest order 
result, we identify the required properties and the nature of the mass term. A procedure 
for the covariant izat ion of the mass term is decribed in section 3. Explicit formulae for the 
covariantized mass terms are given to cubic order in the potentials. Section 4 gives a brief 
discussion of the results of carrying out the resummation to the lowest nontrivial order. The 
paper concludes with a short summarizing discussion. Some technical arguments on the 
nature of the mass term are given in the appendix. 

2. "Improved" perturbation theory and the mass term 

We consider an SU{N)-gaMge theory with the gauge potentials Ai = —if^A^, i = 1,2, 
where are hermitian (A^ x A^)-matrices which form a basis of the Lie algebra of SU{N) 
with = if°'^H'^, Tr(i:"t*) = The Hamiltonian analysis was carried out in the 

Aq = gauge with the spatial components of the gauge potentials parametrized as 

A = -dMM-\ A = M^-^dM^ (1) 

Here A = ^{Ai + iA2), A = ^{Ai - iA2), z = xi - 1x2, z = Xi + 1x2, d = ^{di + 182), B = 
— 182). In the above equation, M, ikfl" are complex 5'L(A^, C)-matrices. The volume 
element on the space C of gauge-invariant configurations was calculated explicitly in [1,2] 
and found to be 

dKC) = = d^.{H) e--^(^) (2) 

voly 

where H = M^M. H is a gauge-invariant, hermitian matrix-valued field. dfi{H) is the Haar 
measure for H. (Explicitly, it may be written as dfi{H) = [dip"'] JIx det r where H~^dH = 
dip"-rak{<p)tk-) ca is the quadratic Casimir of the adjoint representation, c^5"^ = y^'^^j^™-". 
I{H) is the Wess-Zumino-Witten (WZW) action for the hermitian matrix field H given by 

I{H) = ^ I Tr{dHdH-') + / e'""'Tr{H-'d.HH-'d,HH-'daH) (3) 
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As is typical for the WZW action, the second integral is over a three-dimensional space whose 
boundary is the physical two-dimensional space corresponding to the coordinates z. The 
integrand thus requires an extension of the matrix field H into the interior of the three- 



dimensional space, but physical results do not depend on how this extension is done [|T0 
Actually for the special case of hermitian matrices, the second term can also be written as 
an integral over spatial coordinates only |^ 



The inner product for two wavefunctions '^2 is given by 

(1|2) = 1 ci/i(C) ^\{E)^2[il) = J d^i{H) e2^^^(^) ^\{H)m2{H) (4) 

Carrying out the change of variables from A to in the Hamiltonian operator, one gets 
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The first term in the kinetic energy T, viz., J{6/6J) shows that every power of J in the 
wavefunction will give a contribution m = c^ca/Stt to the energy. This is the basic mass gap 
of the theory. 

The volume element (0) plays a crucial role in how the theory develops a mass gap. If 
I{H) is expanded in powers of the magnetic field B°- = ^eij{diAj — djA^ + f'^^'^A'^A^), the 
leading term has the form 

Writing AE, AB for the root mean square fluctuations of the electric field E and the 
magnetic field B, we have, from the canonical commutation rules [E^, A'^] = —iSijS""^, 
AE AB ~ A;, where k is the momentum variable. This gives an estimate for the energy 

For low lying states, we must minimize S with respect to A_B^, A_B^j„ ~ e^k, giving £ ^ k. 
This corresponds to the standard photon. For the nonabelian theory, this is inadequate since 
{Ti) involves the factor e^^^^^^^ In fact. 



{H) = J dfiiH) e2^^^(^) lie^E^ + B^e^ 
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Equation shows that B follows a Gaussian distribution of width AB^ ^ irk'^/cA for 
small values of k. This Gaussian dominates near small k giving AB^ ~ k'^{iT/cA)- In other 
words, even though S is minimized around AB^ ~ k, probability is concentrated around 
AB^ ~ A;^(7r/cyi). For the expectation value of the energy, we then find S ~ e^Cyi/27r + (9(A;^). 
Thus the kinetic term in combination with the measure factor e^^^^^^^ could lead to a mass 
gap of order c^ca- The argument is not rigorous, but captures the essence of how a mass 
gap arises in our formalism 

All we have done so far is to rewrite the theory in terms of gauge-invariant variables 
without making any other approximation. It is therefore possible to look at perturbation 
theory in this version. Since ca is quadratic in the structure constants f"'^'^, the exponent in 
(I) would be considered a second order effect in the perturbative expansion. The exponential 
in (0) would be expanded in powers of ca and we would not see a Gaussian distribution for 
the magnetic fluctuations (of width ~ k"^). Hence the effect considered above cannot be 
seen to any finite order. The basic question we are asking in this paper is whether one 
can incorporate the effects of the nontrivial measure (0) and the resultant mass term in a 
covariant path integral for diagrammatic analysis. It is clear that this cannot be done at any 
finite order in perturbation theory. However, one can define an "improved" perturbation 
theory where a partial resummation of the perturbative expansion has been carried out [^. 
This improvement would be equivalent to keeping the leading term of I{H) as in (^ in the 
exponent in @. For example, if we write H = e*"*^" pa 1 + f^ip"-, as would be appropriate in 
perturbation theory, we find 

rf/i(C) ~ [rf<^]e-^/^^"^^" (l +0{if^)) (9) 
Correspondingly, J"^ ^ —dip"", and the Hamiltonian has the expansion 
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every (p in a wavefunction would get a contribution m to the energy; this is essentially the 
mass gap again. 

The mass term can also be written in a different way as follows. We can absorb the 
exponential factor of (0) into the wavefunctions, defining $ = e~ 4^ /^'^^'^\E', so that the 



norm of $ 's involves just integration of $*$ with the fiat measure [d(p], i.e., 

(1|2)^ Jldcp] ^l{H)^2iH) 
For the wavefunctions $, we get 
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where (j)a{k) = \J CAkk / {2Tim) ^a{k). Expression (|T2|) is the Hamiltonian for a field of mass 
m = e^c^/27r. This can be taken as the lowest order term of an "improved" perturbation 



theory. In the second line of (|T2[), we have also separately shown the mass term since we 
shall need it shortly. 

It may be worth emphasizing that this Hamiltonian (0), with the inner product ([TT| 



is entirely equivalent to the previous one (|10|), with the inner product given by [[T2 |. 
However, in ([T^), the mass term has a more conventional form and therefore one can use 
this as a starting point for the mass term we want to find for resummation calculations in 
the Lagrangian formalism. We also see that the energy of the particle, viz., y/k"^ + m? is an 
infinite series when expanded in powers of e^. The "improved" perturbation theory, which is 
effectively resumming this up, is thus equivalent to a partial resummation of the perturbative 
expansion. 

The gauge-invariant variables ipa or H are wonderfully appropriate for the Hamiltonian 
analysis. However, in a perturbative diagrammatic calculation carried out in a covariant 
Lagrangian framework, we shall need to use the gauge potentials Ai. To the lowest order. 



the number of powers of yj's and Aj's do match; the mass term given in (|T2D is thus quadratic 
in the A's and can be written as 

This gives the mass term only to the quadratic order and does not have the full nonabelian 
gauge invariance; there will be terms with higher powers of A's giving a gauge-invariant 
completion of (0). Already at this stage we can say something about how the full mass 
term should look like, based on the following conditions. 

1. The mass term F should be expressible in terms of H since that is the basic gauge- 
invariant variable of the theory. (The 9?a's represent a particular way to parametrize H. It 
should be possible to write the mass term in a way that is not sensitive to how we parametrize 
H.) 

2. To the lowest, viz., quadratic order, it should agree with the mass term in ( [I^ ) or ([T^). 

3. The mass term should have "holomorphic invariance" . 

The last property is the following requirement. As can be seen from the definitions (|l|), 
the matrices (M, M^) and {MV{z), V{z)M'^) both define the same potentials (A, A), where 
V{z) is holomorphic in z and V{z) is antiholomorphic. In terms of if, this means that 
H and VHV are physically equivalent. Physical quantities should be, and in any correct 
calculation will be, invariant under H —>■ VHV, so that the ambiguity in the choice of the 
matrices M, M^" does not affect the physics. For example, the WZW action in (^ is invariant 
under H — ^ VHV, a property familiar from two-dimensional physics. We have previously 
referred to this invariance requirement as "holomorphic invariance" ; it can be used as a guide 
in some calculations. 
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A minimal mass term with the above requirements can be easily written down. First of 
all, since H = e*"''''', we see that, in terms of H, the mass term shown in (|1^) is of the form 
Ti{dHdH~^). (We shall discuss this in the appendix in some detail. The key point is that 
we have Ti{dHdH^^) and not something like TT{dHdH), eventhough the latter does have 
the same kind of quadratic approximation.) Notice that this term, TT{dHdH~^), is the first 
term of the WZW action (^. Since the WZW action has holomorphic invariance, we see that 
a minimal mass term, or a minimal holomorphically invariant completion of TT{dHdH'^), 
with the properties 1-3 listed above is also a WZW action, i.e., 

Frmn = -'^I{H) (14) 

Of course, one can always add gauge-invariant terms which start with cubic or higher powers 
of A, which do not spoil the requirement that it agrees with ( |T^ ) at the quadratic order. In 
this sense the WZW action is only a minimal mass term, not unique. (The quadratic part 
is, of course, unique.) 

There are also other invariant ways to complete TT{dHdH~^). For example, we can write 

J{Gdr)Hab{GdJ') (15) 



where J" = {cA/Ti){dHH-^Y , r = {cA/TT){H-^dH)^ and Hab = 2TT{taHtbH'^). This will 
be holomorphically invariant with the Green's functions G = and G = d^^ transforming 
in a certain way as discussed in 0. This way of writing F involves the additional use of 
Green's functions, over and above the Green's functions which appear in the construction 
of H (or M, M^) from the potentials. In the next section, we give expressions for the 



covariantized versions of both F^m of (|T4|) and F as in (|T^), to cubic order in potentials. We 
shall see that F equals Fmm plus a number of terms which involve the logarithms of momenta, 
the latter having to do with the additional Green's functions. The only holomorphically 
invariant completion ofTi{dHdH~^) using H and its derivatives, hut no additional Green's 
functions, is I{H) as given in l^m). This is why we refer to it as the minimal term. 

A strategy of doing the resummation calculations is then to consider the action 

+ A (16) 

where we consider A to be of one higher order in a loop expansion compared to /x^ and 
Sym is the usual action for the YM path integral. In other words, the loop expansion is 
organized by treating Sym — (^"^F^in as the zeroth order term, while AFmin contributes at 
one loop higher. In particular A is a parameter which is taken to have a loop expansion, 
viz., A = A'-^'' -|- A*^^) + .... Since the parameter /x^ is still arbitrary, we can choose it to be the 
exact value of the pole of the full propagator. In other words, the pole of the propagator (for 
the transverse potentials) remains /i^ as loop corrections are added. This requires choosing 
A*^^^ to cancel the one-loop shift of the pole, A*^^) to cancel the two-loop shift of the pole. 
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etc. A^^\ A^'^\ etc. are calculated as functions of the parameter /i^. The condition /i^ 
then becomes a nonlinear equation for /i^; it is the gap equation given as 



A(/i) 



A 



(17) 



This determines fi to the order to which the calculation is performed. Thus in the end we 
also have /i^ = A as desired. One can do similar resummation and gap equations wth any 
mass term, for example F in place of F„ 



in (|T|) 



This procedure is, of course, what is done in any kind of resummation or gap equation 
approach to mass generation [0, ^. The additional ingredient for us is that the Hamiltonian 
analysis suggests some specific forms of the mass term (0). The mass terms (|1^, |1^) are not 
covariant, so we have to write covariantized versions of these before they can be used in a 
covariant resummation calculation. We shall now consider a procedure for covariantization, 
which is of interest in its own right. 



3. Covariantization of the mass term 



General procedure 



There is one more problem we have to deal with in using I{H) = I {A, A) in a resummed 
perturbation theory, namely, that it is not manifestly covariant. Again, the original theory 
is Lorentz invariant and adding and subtracting / does not affect this. However when we 
take and A to be of different orders, we lose covariance order-by-order unless we use a 
covariantized version of /. In this section we outline a general method of covariantization 
which can be used for F, Fmin- Our method may also be interesting in its own right. 

The key expressions we have involve holomorphic and antiholomorphic derivatives and 
fields. We observe that d = \n1da and d = ^n'^da, where = (1, i, 0) and n° = (1, —i, 0). 
Similarly for the gauge fields A, A. An arbitrary Lorentz transformation of n° and 
produces null 3-vectors n"", n"- respectively, such that 

n^Ua = gatn'^n'' = 
n^fia = gahffn^ = 

n^Ua = gabn^n' = 2 (18) 

where gab is the Minkowski metric. We shall consider the signature (1,1,-1). This suggests 
the following covariantization procedure. Replace the holomorphic and antiholomorphic 
derivatives {d, d) and gauge fields {A, A) in I{H), expressed in terms of the potentials, 
by (|n ■ d, \n ■ d) and {\n ■ A, \n ■ A) respectively, and then integrate over Lorentz 
transformations. Thus the covariant analogue of a general term 

S = j dt(fx C{A,A,d,d) (19) 

would be 

Scov = [ dfi [ dtd^x C{\n - A, |n ■ A, \n ■ d, \n- d) (20) 
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where dn is the measure over Lorentz transformations. 

A particular parametrization for n, n is given by 

Ua = (cosh 9 COS X — sin x, cosh Osinx + i cos x, sinh 9) 

Ha = (cosh 6* cos X + ^ sin X, cosh 6^ sin x — i cos x, sinh 6') (21) 

In terms of this parametrization, dfi = d{cosh.6)dx, where cosh^ G (0, oo) and x ^ (0, 27r). 

The problem with this procedure is the fact that the Lorentz group is noncompact and 
integration over Lorentz transformations leads to divergences. The degree of divergence de- 
pends on the number of n's and n's in the integrand. In order then for the covariantization 
procedure to be meaningful one needs to regulate the integrals in a consistent way. As we 
show below, this can be done by replacing the integrals by traces of suitable (M x M)- 
matrices. The integrals are then regained in a large M-limit. To define the regularization, 
notice first of all that there is no such problem in Euclidean three-dimensional space. Inte- 
gration over Lorentz transformations is replaced by integration over rotation angles and is 
convergent. This has been used before in constructing covariant mass terms in Euclidean 



space [13, W. The Euclidean version of the null vectors n is 



rii = (— cos 6* cos X — sin X, — cos 6* sin x + ^ cos x, sin^) 

Hi = (— cos 6* cosx + ^ sin X, — cos 6* sin x — cos x, sin 6*) (22) 

The measure of integration over the angles is dQ = sinOdOdx- The Euclidean vectors n, n 
obey the same properties (0), but with the Minkowski metric replaced by the Euclidean 
one. If this procedure is used for the minimal mass term Fmin = ~(27r/e^)/(if), the resulting 
covariant mass term is precisely what was proposed some time ago in [T^ and used in [0. 
It is interesting that this mass term emerges in some minimal way from our Hamiltonian 
analysis. 

The Euclidean analysis is adequate for diagrammatic calculations. However, conceptually, 
there is still something lacking. Hamiltonian analysis is all in Minkowski space and to tie in 
everything, it is important to define the covariantization directly in Minkowski space as well. 
In view of the Euclidean result, one way to define the regularization of the integration over 
the Lorentz transformations is then as follows. We do a Wick rotation of the integrands to 
Euclidean space, do the integrals there and then continue the final results back to Minkowski 
space. Alternatively, one can seek a definition of the regularized integrals in Minkowski space 
directly in such a way that the results agree with the Wick rotation of the Euclidean results. 
We now show how this can be done. 

First we construct the operator analogues of the Minkowski null vectors n"', n". Let g 
be a group element of S0{2, 1). g can be written as g = e**"^" where 

t° = (^ai,^o-2,(T3) (23) 

and (Ta, a = 1, 2, 3, are the Pauli matrices. The matrices satisfy the commutation rules 

t'] = 2i e'^'^g.d t" (24) 
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We now introduce the operators a, a^, which are doublets under 5*0(2, 1). One can show 
that the generators of 5*0(2, 1) can be written as 

r = a^—a (25) 

where a = aVs. The commutation rule for a, a\ compatible with 5*0(2, 1) invariance, is 

[ai,aj] = Sij, i,j = 1,2 (26) 

We now define the following operators 

= a t^f 

5« = (S'^y = tH" a (27) 

(the superscript T indicates the transpose.) It is easy to show that both 5 and 5^ transform 
as vectors under 50(2, 1) transformations. Further they are null vectors, 

S''Sa = , 5^5, = (28) 

and 

S'^Sa = 2(g2 - Q) (29) 
where Q = I]?=i aitti. Q is invariant under 50(2, 1) transformations. 
The commutation relation between 5 and 5 is given by 

[S", 5^] = -2^"^(2g + 2) + Sie'^'^'gcd (30) 

In showing ( P5| , ^) the following properties of the t-matrices were used 

(t"')ij(ta)kl = — (25ii5jfc — (5jj(5fc/) 

et^ = -g'^b ^le'^'^'gcdt'^ (31) 

Finite dimensional representations of 5*0(2, 1) may be constructed in terms of Fock states 
built up using a acting on a vacuum state, with a fixed value of Q, say, M — 1. A basis of 
such states is given by |r, s) = C~^d'[d2\0) with r + s = M — 1 and C = vHsI. There are M 
such states and matrix elements of J"^ between these states will give the (M x M)-matrix 
representation of 5*0(2, 1). We are interested in the action of 5*", 5*^^ (or functions of these) 
on the states of |r, s) of this M-dimensional representation. In this case, we introduce the 
rescaled operators 

5" -~a 5" 

^" = 1^7, S = ^ (32) 
In the large M-limit, as M ^ oo, the operators 5, 5* commute, 

[^^ s''] = (33) 
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Further 



S'^Sa = 



^ = 



These properties are just what we have for n, n and so we can identify S, S with n, n, in 
the large M-hmit. 

We are interested in operators F made up of equal numbers of S and S"s. The trace of 
such an operator over states of fixed Q = M — 1 can be written as 



M-l 



Tr F = ^ {r,s\F\r,s) 



(34) 



r,s=0 



Since S"s and S"s are vectors of 50(2, 1), their traces have to produce invariant tensors of 
5*0(2, 1). In the large M-limit, replacing S, S by n, n, F becomes a function of n, n and 
trace can be identified as integration. Further, noting that the trace of identity is M, we 
can define the regularized notion of integrals of products of n, n over the Lorentz group as 



dfiF{n, n) 



reg 



^Tr F(S, S) 



(35) 



M^oo 



As an example of this definition of regularized integrals, we shall evaluate the integrals 
of n"'n'' and n'^n^ffTTf'. According to our regularization prescription 



a ob\ 



M3 



(36) 



J M^oo 



Using the definition of 5", S in (^) and the properties (|3TD we find that 

2 



g 



(37) 



The same result can be obtained more efficiently by using the fact that Tr(5''5^) has to be 
proportional to the invariant tensor g""^, 



M3 



Tr(5"5'') = xg 



ab 



(38) 



The constant of proportionality x is determined by multiplying both sides by g""^ and using 
the property ([29|). Similarly we can evaluate 



rfn^rfn''- 



reg 



M5 ^ ' 
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(39) 



The Euclidean integrals corresponding to the above expressions can be calculated directly 
and one can verify that their Wick rotations agree with the above. In other words, we have 
the result 



Wick rotation of 



— F(n,n) 



(40) 



- Euclidean 



Given the above procedure of covariantization, we can write down the covariant version 
of the mass term (p^. We generalize the derivatives and potentials appearing in I{H) by 
defining d = \S ■ d = \S ■ d and A = \S ■ A, A = \S ■ A. The minimal covariant mass 
term may now be obtained as 



F 



(41) 



M- 



A final remark on covariantization is that once we have done the integration over (n, ra), 
there will be terms in the action which are nonlocal in time. To go back to a Hamiltonian, 



one needs to remove this via the use of auxiliary fields, see [13] in this regard 



Covariantized expressions 

We now show how the covariantization procedure works specifically for the mass term. 
As we show in the appendix, the mass term F in (15) can be written in terms of A, A and 
A, A with DA - dA = 0, eqs. ([A7| ) to QAT^ ). Using the above equation, or eq. (^), to 
express A, A in terms of A, A respectively we can write F as ^ 



Let us first consider the term quadratic in A's 

= ^ f ( A" A" - A'^l-dA" - A^^dA"" + UdA^^hdA" 
2e^ J \ a odd 

According to the covariantization procedure outlined in section 3, we get 



(42) 



(43) 



i?(2) 



|n-A", A"" 



In- A", d 



^n ■ d, d \n- d 



may also be written in terms of the magnetic field B as 

F=^!{D-' bY{D-^ B) 
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n ■ k 



n ■ k 



n ■ k 



n ■ k 



(44) 



The integrals over Lorentz transformations (regularized expressions) can be evaluated as 
described in section 3. We have 



n ■ k 
n ■ k 



1 k^ky 



/i,z/ = 1,2,3 



(45) 



Using 



m 



we get 



(46) 



We now consider the term in (|A1CI|) which is cubic in A's. 



1 

2^2 



abc I 



^ o o d o 



pure ' mixed 



(47) 



where Fj^'^l^ contains only holomorphic or only antiholomorphic components of A's and -Fmiied 
contains both holomorphic and antiholomorphic components. 

According to our covariantization procedure we get in momentum space, 

n ■ k 



pure 

7(3) 
mixed 



8e2 



Fill = — r'''6^'\p + q + k)Al{p)Al{q)Al{k) d^^ 



pH^^){p + q + k)Al{p)Al{q)Al{k) / rf/x 



n ■ p n ■ k 

n ■ p 
n ■ p n ■ k 



n^^n^nx + c.c. j 
n^^riyfix + c.c. V48) 



where "c.c" denotes complex conjugation. After symmetrization over the momenta and 
integration over the Lorentz transformations we find 



Kte = -^2/ r''^^'\p + k + q)Al{p)Al{q)Al{k) V^fxiP,Q,k) 



(49) 



where 



V,Tx{p,q,-{p + q)) 



p2q2 _ (^p . qY 
{p + qf 



p - q q ■ iq + p) 



Pt^PuPx 



p2 _^ g)2 ^ 

•f,quP\ + qxquPf, + qxqfiPu) - {q-^ p) 
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V^'^ is proportional to the cubic vertex appearing in the expression of the magnetic mass 
proposed by Alexanian and Nair in |^. 

The symmetrization over momenta and Lorentz integration is a lot more involved in the 

(3) 

case of -Fm/xed ^'^d it was done using Mathematica. We find that 

where L^i,x{Pi Qi k) contains terms involving a log-dependence on the momenta. 



Adding ( ^9]) and (|50D, we find that the total cubic order contribution of Fcov can be 
written as 

FSI = / /""■'•"(P + k + g)Al(p)At(q)At{k) V^^f (p, k) 

2 



qk 

4 

qk 
4 

qk 





X 




Y 




{qk 


- Q 
X 


kf 


{qk + q 
Y 


kf 


{qk 


- Q 
X 


kf 


{qk + q 
Y 


kf 


{qk 


- Q 


kf 


{qk + q 


kf 



n{p)duF'M)d,F;{k) 
n{p)d,Ft{q)d,F;{k) 
F^Mdpd,Fr{qWrFl{k)\ (51) 



where X = In [{qk + q ■ k)/2qk)] , F = In [{qk - q ■ k)/2qk)] and F^ = \e^u\F^x- 

The expression (^T]) is true up to cubic terms in A although the log-terms were written 
in terms of F^ in order to make the gauge invariance more transparent. 

We see that the covariantization of F produces two series of terms: one series of terms 
which starts with a term quadratic in A's and higher order terms necessary for gauge in- 
variance, and a second series of terms involving the logarithms of momenta which starts 
with a term cubic in A's. These two series of terms are separately gauge invariant. The 
non-log terms from (^6|) and (|5l|) combine to give the expression for the magnetic mass term 
proposed in [1^, 0. Since this is essentially the covariantization of I{H), we may conclude 
that the second series of log-terms results from the covariantization of just the WZ-term, the 
term cubic in H~^dH, in I{H). After all we have shown in the appendix, eq. ( |A14| ), that 



e2 



1{H) - / e^^'''Yx{E-^d^HH~^d,EE-^d^E) 



(52) 



4. Resummation and magnetic mass 

As we have stated earlier, the minimal covariantized mass term in Euclidean space agrees 
with what was proposed in [O] . The resummation of perturbation theory, to one-loop order 
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with resummed propagators and vertices, was carried out in [|7|. To one-loop order, A was 
obtained as A = A*^^) 1.2(e^CA/i/27r) The resuhing gap equation A*^^) = /x^ gives a value 
for the mass gap as /i ~ 1.2(e^CA/27r). Considering that we are starting from a perturbative 
end with resummation, this value is quite close to the value e^Cyi/27r which we found in 
our Hamiltonian approach. In the light of all our discussion above, this is not so surprising 
because the mass term used in |1^ has emerged as the minimal one starting from our 
Hamiltonian analysis. Whether this mass term was anything special was a question raised by 
Jackiw and Pi in 0. As we have seen it is a minimal, but not unique, covariant generalization 
of the form which emerges in the Hamiltonian analysis. In the end, the main advantage of 
this term might in fact be the following. Generally nonlocal vertices with covariant Green's 
functions can mean that there are additional propagating degrees of freedom in the theory, 
which may be made manifest by checking unitarity via cutting rules or by making the 
Lagrangian local via auxiliary fields. (The Lagrangian then has time-derivatives of the 
auxiliary fields which means that they are actually propagating degrees of freedom.) For the 
minimal term, however, the auxiliary fields have a gauged WZW action and one can argue 
that it has no degrees of freedom modulo the holomorphic symmetry [Q. This singles out 
the minimal term to some extent. Nevertheless, we are not too far from what other authors 
have used. Consider the nonminimal term F given in (^). Noting that the field strength 
B = M^-^dJM^ = -MdJM-^ and D'^ = M{d-^)M-\ D'^ = M^-\d-^)M\ we see that 
it is very similar to, although not exactly, Ff^^(T>^'^)Fn,y, which is the form used by Jackiw 
and Pi in One could also go further and investigate the gap equation which results from 
the use of the covariantized form of F rather than Fmm- The additional logarithmic terms 
in F render the calculation significantly more complicated, although there is no reason to 
expect the results to be dramatically different. 

Now we turn to the question: how do we use this in a calculation? From a purely (2-1-1)- 
dimensional point of view, we know that there is no parameter which controls the resummed 
loop expansion 0, i. The calculat ion of the numerical value of the gap in this way would be 
difficult, at best. Our Hamiltonian approach would be better suited to such questions. One 
can also use the (2-1-1 )-dimensional theory to describe magnetic screening in a quark-gluon 
plasma in (3-1-1) dimensions. Notice that one needs some perturbative gauge-invariant way 
of incorporating magnetic screening for the high temperature calculations with the hard 
thermal loop resummations used for the quark-gluon plasma. More than specific numerical 
values, one needs a framework for such calculations and the present work bears on this issue. 



(The embedding of (2-1-1) results in the (3-1-1 )-dimensional theory has been discussed in 14 . 



5. Discussion 



A number of different concepts have been brought together in this work and it may be 
useful to summarize briefly what we have done. Based on our Hamiltonian analysis, one 
can show that there is a mass term of the form [dip'^dip"') at the lowest nontrivial order in 
if'^. There is no ambiguity to this order in ip*^. In generalizing from this, flrst of all, we 
need to write down an expression in terms oi H = e^"'^"' which reduces to [d(p"'d(p"') at the 
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lowest order. There are many such expressions. In the appendix, we outhne the reasons why 
{dip°'d(p°') should be considered as the lowest order term of 1i{dHdH~^). The argument then 
is to use this term, or some generalization of it, as a mass term to be used in a resummation 
procedure. Even at this stage, although some restrictions on the possible form of a mass term 
have been obtained, there are still many terms which have holomorphic invariance and agree 
with Ti{dHdH~^) to the requisite order, Fmin in Eq.(n) and F in Eq.(|15|) being two such 
expressions. -Fmm is a minimal one in the sense of not requiring additional use of Green's 
functions and, for this reason, leads to simpler formulae upon covariantization. 

Once we have chosen a specific mass term such as Fmin-, its use in an action formalism, 
rather than in a Hamiltonian analysis, will require that it be covariantized to maintain 
Lorentz covariance order by order. We have given a method of covariantization, both in 
Minkowski space and in the Wick rotated Euclidean case. Finally, we have given a discussion 
of the results of the resummation carried out with the minimal mass term Fmin- 

APPENDIX 

We have written the mass term in ( p^ to the second order in ip. We want to write an 
expression in terms of H for which this is the quadratic expansion and show that the correct 
expression should be Ti{dHdH~^) and not something like Ti{dHdH). 

Writing the kinetic energy T as 



2 5Af5Af 



(Al) 



we have 



6^ 



SAfSAf 



52$ 



6Af6A" 



2CA 



51 (5$ 



51 51 

'5Af 5Af 



5^1 



ca 



5A''5Af 



(A2) 



where we have written \1/ = e absorbing the crucial WZW-part of the measure into 

the wavef unctions. In a similar way we have 




5Af5Af 



5Af 5 A? 



51 51 

5Af 5Af 



5^1 



- Ca 



5Af5Af 



$ (A3) 



We now add these two equations and do a partial integration for 5/5 A";. In doing so we have 
to use the full measure dii{H)e^'^^^ = [dAdA]/ (yolQ). This gives 
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6^1 61 61 

+ 2CA- 



Thus upon adding (|A2|) and ( |A3|) and using (| 



6Af6Af 
we find 



6Af 6Af 



(A4) 



(^|T|^) 



2^2 



e c 



5/ 61 



6Af 6Af 



where the inner product in terms of $'s is now 

(1|2) = J ci/i(i7)$*$ 



(A5) 



(A6) 



and T<l> 
as in 



SA ^A ■ denotes the adjoint of T with just the Haar measure for integration 
Eg . (|A5|) displays the extra "mass term" as 



e^c\ f 61 61 e^c\ r 61 61 



6 A? 6 A? 



6 A'' 6A'^ 



(A7) 



where m = e^c^/27r. In terms of the gauge potentials, the lowest order term of this expres- 
sion, viz., the quadratic term, is the mass term (|I3D for A's, the higher order terms being 
required for reasons of gauge invariance. This term can be simplified further as follows. 
Regarding J as a function of A, A, we can write its variation as 



61 = HA- + {A- Ay6A'' 

2tx 



(AJ 



where A, A obey the equations 



DA-dA = Q 
DA-dA = {] 



This shows that we may write 

„ 27r2 r 61 61 



Taking the variation of ( [A10[ ) and using 

.2 1 



6A^ 6A^ 2e2 

we find 



^ j{A-AY{A-AT 



(A9) 



(AlO) 



(All) 



Notice that the second term is just like the variation of / as in (|A8|), except for the exchange 
A ^ A^ A ^ A. In terms of the parametrization (1) of A, A, we can solve ( |A9|) to get 



6F = 6I{A, A)- — HA- A)''6A'' + {A- A)''6A'' 



A = -dMM'^ = MdM-^ 
A = M^-^dM^ = -dM^-^M^ 



(A12) 
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The exchange A ^ A, A ^ A thus corresponds to M ^ M"^ ^ or H 
M-^M^-\ Equation ([MID can thus be written as 



H 



-1 



SF = 5I{H) + 5I{H 



TT 



This imphes 



F = - 



IT 



I{H) + I{H- 



;Tr{dHdH-^] 



(A13) 
(A14) 



This brings us to the point of identifying the mass term which satisfies the requirements 
1 and 2 hsted in section 2, but not yet the requirement 3. The expression for F as it is 
written in ( |A14| ) is not holomorphically invariant. This is because, eventhough I{H) is 
invariant, I{H~^) is not. (Notice that the inversion of D, D to obtain A, A, or equivalently 
the solution ( [A12[ ), requires fixing a "holomorphic frame". This is why the form of F in 
( |A14|) is not holomorphically invariant.) A holomorphically invariant completion of F is 
straightforward. Notice that F in ( A14| ) is proportional to the kinetic term of I{H). Since 
I{H) is invariant under H VHV, we see that a minimal completion of F we can use is 



2vr , , 
--I{H) 



(A15) 



The minimal mass term is then the WZW action. 
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